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ANSWER ALL QUESTIONS

(1) Let ¢, 1, x be real-valued continuous functions on a interval [ : a <t < b. Let
x(t) > 0 for all t € I, and suppose for ¢t € I that

o(t) < (t) + / x(8)p(s)ds.

Prove that

o)< vi0)+ [ )pls)ex (/ t () ) ds

fort e 1.
(2) (a) Consider the equation y' + ay = b(z), where a is a constant and b(x) is
a continuous function on an interval I. If z( is apoint in I and c is any
constant, the function defined by

o(zr) = e_“x/ e™b(t)dt + ce™*"

zo

is a solution of this equation and every solutions are of this form.
(b) Solve the system of equations % = —4z — y and % =z — 2y.
(3) (a) Let y; and yo be any two solutions of ¥ + P(z)y + Q(x)y = 0 and W be
the Wronskian. Then show that W = ce~/ P®)4* for some constant c.
(b) Suppose that ¢; and ¢y are linearly independent solutions of the second

order linear differential equation with constant coefficients
" /
Y +ay +ay =0

and W be the Wronskian. Show that W is constant if and only if a; = 0.
(4) (a) Consider the IVP ¢’ = 2sin(3zy), y(0) = yo. Show that it has unique
solution in (—o0, 00).

(b) Find the solution of the IVP
y =2x(1+y), y(0)=0

using Picard’s iterations (successive approximations) yo(z), y1(z), y2(z), . . .

and show that it is unique around a region containing (0, 0).
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(5) Find a function v such that y; and y, = vy; are linearly independent solutions
of
y' + P(x)y + Qz)y =0.
[5]
(6) (a) Define regular singular point of the equation y"” + P(z)y + Q(z)y = 0. [1]
(b) Define the Bessel function J,(z) of first kind of order p (> 0).
Show that
(i) (2 (w)) = 2y (2).
= p(z

(ii) J_p( ) = (—1)?J,(z) for p positive integer.

Good luck!!
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